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1 
INTRODUCTION 
In this thesis we solve theoretical problems of transient and steady 
water flow in unsaturated soils in two dimensions. We find a numerical 
solution in the form of a finite difference equation. This equation gives 
the soil water content in a flow medium at any location and time. Solu­
tions are obtained for two problems, namely, the transient and the steady 
state. The two-dimensional flow medium considered is a homogeneous soil 
underlain by a horizontal impervious barrier (or a groundwater table) at 
some depth from the soil surface. Equally spaced trenches (or furrows and 
ridges) to which water is supplied divide the region into similar sections 
only one of which is considered. 
The transient water flow problems are solved by use of an alternating-
direction implicit method. The steady state water flow problems are 
solved by use of a successive overrelaxation iterative method. It is 
assumed that the reader has some knowledge of numerical analysis and matrix 
algebra. Nevertheless, a brief description of the methods of solutions 
is given as well as numerous references to help the reader in the theo­
retical development. Numerical calculations were carried out by means of 
a digital computer, (IBM 360/65). 
The primary objective of this work is to predict, as a function of 
time, water content distributions in soils in two-dimensions. Other 
objectives are to predict water flux, rate of water flux, and quantity of 
water stored in soil. 
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LITERATURE REVIEW 
The introduction of the soil water diffusivity concept by Childs and 
Collis-George (1950) has lead to the present theory of water flow in 
unsaturated soils. The unsaturated water flow theory is based on the 
validity of Darcy's law for the movement of water due to a potential 
gradient produced by a water content gradient, i.e. a concentration 
gradient. The water flow equation in unsaturated soils under isothermal 
conditions may be written in the form, 
V = - D(0) V6 + K(0) [1] 
3 3 
where v (cm/minute) is the water flux, 0 (cm /cm ) is the soil water con-
2 
tent on a volume basis, D(0) (cm /minute) is the soil water diffusivity, 
K(0) (cm/minute) is the hydraulic conductivity, and V0 is the water content 
gradient (cm ^). Both D(0) and K(6) are functions of the water content 0. 
Equation [1] resembles Pick's law of diffusion with a concentration 
dependent diffusivity, except for the K(0) term. Combining equation [1] 
with the equation of continuity yields the diffusion equation of flow in 
porous media under isothermal conditions (Kirkham and Powers, 1971, 
Chapter 6), which can be written in the form, 
f = [2, 
where t is the time, and z is the vertical space coordinate. The term 
—— in equation [2] is normally referred to as the gravitational com­
ponent. The validity of equation [2] in describing the flow of water in 
unsaturated soils has been demonstrated by several workers (Peck (1964), 
Selim et al. (1970), Youngs (1957) among others). 
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For a review and a detailed derivation of the laws governing soil 
water movement, the reader may refer to a review article by Gardner (1960) 
in which he cites over 300 references. Recently Childs (1969) authored 
a book in which five chapters are devoted for this subject; and still 
more recently the subject is considered in Kirkham and Powers (1971, 
Chapters 6 and 7). 
The water flow theory has been applied by many investigators to a 
number of unsaturated water flow phenomena, such as water infiltration, 
horizontal water flow, and vertical flow in presence of a water table. 
Klute (1952) applied a numerical method developed by Crank and Henry 
(1949) for solving the diffusion equation and to predict the water content 
profiles during horizontal infiltration of water into a soil profile with 
uniform water content. Philip (1955) introduced another numerical solu­
tion of the diffusion equation by iterated approximation that converge 
more rapidly than the solution of Crank and Henry (1949). More recently 
Parlange (1971) developed a third method for solving the one-dimensional 
flow equation. His method is closely related to that of Philip (1955), 
but much simpler and gives good approximations of results for actual 
soils. This method seems to have considerable promise for extending the 
solutions to the two-dimensional flow problem. 
Philip (1957) introduced an approximate solution of the one-dimen-
sional diffusion equation in the vertical directions. His solution 
depends upon the validity of an assumed unique relation between water 
potential î> and water content 0. The diffusion equation in one-dimen-
sional vertical case may be written in the form. 
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[3] 
The first term on the right side of equation [3] is the nonlinear dif­
fusion equation with the diffusion coefficient D(6) a function of the 
water content 0. The second term on the right side is the gravitational 
component, this term disappears in the case of horizontal flow. The 
solution of the vertical flow equation is a series of terms of increasing 
powers of the square root of time, with coefficients which are functions 
of the water content 6. The solution is in the form. 
in which f^(0), f2(8),...,f^(8) are functions of the water content 6, 
which are the solutions of a series of ordinary differential equations 
which can be solved by numerical methods. 
Under steady state conditions the term on the right hand side of 
equation [2] vanishes and becomes 
Exact solutions of the steady state equation [4] are possible pro­
vided an analytical expressions of D(6) and K(6) as a function of 6 are 
known. Gardner (1958) by assuming such analytical expressions has given 
exact solutions for the steady state flow of water from a groundwater 
Philip (1969) introduced solutions for the linear steady state flow 
equation in two and three dimensions for special geometries. The lineari­
zation of the steady state flow equation [4] as carried out by Philip 
z = f^(e)tl/2 + + +f (9)-t™^^ +... 
n 
v-D(e)ve - = 0 
aZ 
[4] 
table. 
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(1969) was accomplished by using the Kirchoff transformation 
where 6 . is the minimum water content encountered in the flow medium, 
mm 
Second, it was assumed that, 
D&T " constant = cx [6] 
Putting equation [5] and [6] in equation [4], we obtain the approximately 
valid equation, linear in form, 
V^X = [7] 
Philip (1969) obtained an exact solution for the linear equation [7] in 
two dimensions for the case of a constant point source of water at x=0 
and z=0 (Carslaw and Jaeger, 1959, p. 23). In three dimensions an exact 
solution is given for the axisymmetric form of equation [7]. More 
specifically, 
[8] 
aZ 
2 2 1/2 
where y = (x fy ) . The boundary condition was also a constant point 
source of water at y=0 and z=0. 
Exact solutions of linear steady state equations, such as equations 
[7] and [8] are given by Carslaw and Jaeger (1959) and can be expected 
to provide considerable illumination of the problems of steady infiltra­
tion in two and three dimensions. 
Soil water diffusivity D(0) and hydraulic condivity K(6) are 
normally given as a set of experimental data which vary considerably 
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among different soils. Due to this difficulty and the fact that the flow 
equation [2] is a nonlinear one, it has no satisfactory simple solution. 
One way of solving nonlinear partial differential equation, such as equa­
tion [2], is by making use of the approximate methods of numerical 
analysis. Such methods seem very promising especially if one considers 
the vast growth in speed and versatility of modern digital computers. 
It is only in recent years that a few scientists have begun to use 
the approximate methods of numerical analysis in solving water flow 
equations. Ashcroft et al. (1962) obtained a numerical solution of the 
diffusion equation for water flow in horizontal semi-infinite columns. 
The authors used the Gauss-Elimination technique (Henrici, 1962) for 
solving the implicit difference analogues of the diffusion equation. The 
results of the numerical solutions were similar to those of the experi­
mental data of Gardner and Mayhugh (1958). 
Similarly, Hanks and Bowers (1962) obtained numerical solutions of 
the diffusion equation for vertical upward and vertical downward and for 
horizontal infiltrations. Hanks and Bowers found that the numerical 
solutions compares very well with the method of Philip (1955) for hori­
zontal flow into homogeneous soils at a uniform initial water content. 
Wang and Lakshminarayana. (1968) developed a numerical technique for 
solving the one-dimensional flow equation [3] for nonhomogeneous soils. 
The numerical technique is basically the same as the one used by Hanks 
and Bowers (1962), except for the assumption that the hydraulic conduc­
tivity K and soil-water tension Y are functions of 6 and z, rather than 
of 0 only. More specifically. 
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6=6(z,t) [9] 
K = K(z,6) [10] 
Y = Y(z,e) [11] 
Numerical results were compared with the experimental data of Nielsen 
et al. (1964). A good agreement were found between the numerical results 
and the experimental data. 
Rubin (1968) obtained a numerical solution for the transient two-
dimensional flow equation using the alternating-direction implicit method 
used in the present work. His flow region was a rectangular one where 
two alternative processes were considered: predominately horizontal 
infiltration and ditch drainage. Recently, Oster et al. (1970) published 
a paper on the numerical solution of the transient convective diffusion 
equation in two dimensions. They concluded that the numerical solution 
is a stable one and that it compares well with theoretical results. Such 
a numerical method can be extended to include analysis of the problems of 
n-dimensional independent variables. 
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THEORETICAL ANALYSIS 
The Flow Medium 
Figure 1 (a and b) shows the flow medium considered. Figure la is a 
schematic diagram of a homogeneous soil underlain by a horizontal imper­
vious barrier (or a groundwater table) at some depth P from the soil sur­
face and equally spaced trenches (or furrows and ridges) to which water is 
supplied. The trench spacing is 25, the trench depth V. Because of 
similarity, we need to solve for one section of the soil, section OBCDEF. 
Figure lb is a magnified drawing of section OBCDEF. A rectangular, x,y,z 
system of coordinates is used with origin 0 at the upper left hand corner 
of the flow medium, x is horizontally to the right, y inward perpendicular 
to the plane of the figure, and z vertically downward. It is assumed the 
soil is homogeneous and extends to infinity in the y direction. 
The Flow Equations 
The flow equation governing the transient unsaturated flow of water 
in the two dimensions x and z of figure lb is 
0  
3z I; 
9K(9) 
3z 
[12] 
where t is the time, 6 the soil water content, D(8) the soil water dif-
fusivity, and K(6) the hydraulic conductivity. 
The flow equation governing the steady state unsaturated flow of 
water in two dimensions is 
& |D(6) 3x & # 3K(e) 9z = 0 [13] 
Figure la. A schematic diagram of a homogeneous soil with impervious 
barrier (or groundwater table) and equally spaced trenches 
(or furrows and ridges) to which water is supplied 
Figure lb. A magnified typical section of the flow medium considered 
for study 
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which is the flow equation [12] when = 0. 
The Initial and Boundary Conditions 
The initial conditions for the problem (starting time t=0) is a 
constant low (dry) water content 6 throughout the flow medium, 
a t  t  =  0  6 = 6 ,  [ 1 4 ]  
a 
The boundary conditions are as follows: 
I. along the soil surface OF the soil water content 6 is kept at a con­
stant low (dry) water content 6^ (same as in equation [14]) at all 
times. 
= 0^ t 0 along OF [15] 
II. along the side line FE the soil water content 6 is kept at a constant 
low (dry) water content 8^ at all times, 
6 = 6 .  t  >  0  a l o n g  F E  [ 1 6 ]  
a — 
III. along the bottom of trench (or furrow) ED there is a water source 
of a thin layer of water that maintains the soil water content 
along ED at water content saturation 6^ (maximum soil water content) 
at all times, 
6 = 6 ^  t  >  0  a l o n g  E D  [ 1 7 ]  
IV. along the vertical lines OB and CD the rate of water flow in the 
normal direction of these lines, because of symmetry, is zero» 
=0 t ^ 0 along OB and CD [18] 
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V. along the soil bottom BC we consider separately two types of 
boundary conditions: 
1. along BC lies an impervious barrier, i.e. there is no flow of 
water across the barrier at all times, 
"1^ =0 t 0 along BC [19] 
2. along BC there is a groundwater table source that maintains 
the soil water content 9 along BC at water content saturation 
(maximum soil water content) 8^ at all times, 
0 = 0 ^  t  >  0  a l o n g  B C  [ 2 0 ]  
The above boundary conditions are the same for the transient water flow 
problem and for the steady state one. 
In the next two subheadings the numerical solutions of the transient 
flow equation [12] and of the steady state flow equation [13] are 
presented. 
Numerical Solution of the Transient Flow Equation 
First we refer to a discrete set of points in the (x,z,t) space given 
by a grid with spacings Ax,Az, and At, respectively. Grid or mesh points 
are denoted by (i,j,n), where we have 
x = iAx, z = jAz, t = nAt [21] 
and 
i = 1,2,3,..,1; j = 1,2,3,....J; n = 0,1,2,.... [22] 
Figure 2 shows the mesh points (the intersections of the horizontal and 
13 
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Figure 2. Net showing the grid points in the two-dimensional flow medium 
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vertical lines) with their appropriate notations. As shown in figure 2, 
the value of the dependent variable 0 at any point (i,j,n) in the flow 
medium is denoted by 8^ , 
i» J 
e(x,z,t) = 0 (iAx, jAz,nAt) = 8? . [23] 
J 
The alternating-direction implicit (ADI) method (Varga, 1962) unlike 
the techniques utilized until now in the analyses of soil water transfer, 
involves two simultaneous systems of difference equations. The two sys­
tems together represent the partial differential equation of flow (equa­
tion [12])- Each system is so designed that the computation of its 
solution is algebraically identical with the one employed in the unidirec­
tional flow problems; it utilizes the variant of Gaussian elimination 
developed for systems with tridiagonal matrices. The treatment of one of 
the ADI systems resembles procedures which would have been carried out for 
unidirectional flow along the horizontal grid-line. The solution of the 
other system involves similar procedures for flow along the vertical grid-
lines . 
The ADI algorithm calls for alternate solutions of the method's two 
systems of equations. Physically meaningful values, corresponding to 
successive At increments, are obtained whenever the second of the two 
systems is solved. When a given problem is solved on the computer, the 
two systems continue to be utilized alternately until the total duration-
time of the investigated process is reached. 
The two systems of finite difference equations for the transient 
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water flow equation [12] are 
D,Qn+l/2 
°^®i+l/2,j+l/2) 
n+1 n+1 
°i.i ( i-l/2,j+l/2) K - '  
At (Ax)' 
°*®l+l/2, j+l/2* [°i, j+l " ®i,ïl"°'®i+l/2,j-l/2'[®io 
" " 
""(«îS/L+j) - [2,, 
2Az 
and 
n+2 
*1.] ®iÎj °^®Îfl/ij+l/2^ 
.n+1 n+1 ,n+l 
At (Ax)' 
, n+3/2 
^^^i+l/2,j+l/2/ 
n+2 
fi.j+i 
- r E - ^^®i+l/2,j-l/2^ 
(AzX 
.n+3/2 . > n+3/2 . 
^(®i+i/2,j+y ^^®i+i/2,j-i^ 
2AZ 
[25] 
16 
In the above two systems of equations, the first system (equation [24]) 
is at an incremental time step n+1, the second (equation [25]) is at 
incremental time step n+2. We also note that in the first system (equa-
3 36 
tion [24]), a fully implicit difference expression for T-4)(8)— and a 
-, . .. ox ox 
fully explicit difference expression for were used and vice versa 
for the second system (equation [25]). 
Equations [24] and [25] are nonlinear since the values of 
^^^i+1/2 j+1/2^ ^^^) are dependent on the values of 
and 0?^^ for which solutions are being sought. Therefore the follow-
J L, J—-L 
ing approximations are made 
\ \ . V/o^'^1/2 \ _ rr/o^ D(e i±l/2,j±l/2^ ^^®i±l/2,j±l/2^' ^^®i+l/2,j±l^ ^^®i+l/2,j±l^ 
which can readily be computed because the systems of equations become 
linear systems. For the sake of simplicity we take the incremental dis­
tances in the (x,z) space to be the same. 
Ax = Az [27] 
Letting 
*i,j " ^ ^ ^®i-l/2,j+l/2^ 
^i,j ^ ^°^®i+l/2,j+l/2^ •*" ^°^®i-l/2,j+l/2^ 
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" TD(8i+i/2,j+1/2) [31] 
-i,j 1^^^® i+1/2, j-1/2^ 
1 - 70(8^+1/2,j+1/2) ~ i+1/2,j-1/2^ 
T ^^^®i+l/2,j+1/2) 8% i,j+l 
^^®i+l/2,j+l) i+1/2,j-l) [32] 
^i,j " ^°^®i+l/2.j-l/2) [33] 
®i,j ^ ^°^®i+l/2,j+1/2) i+1/2,j-1/2) [34] 
t j - i-1/2, j+1/2^ 0" . . + 
1 ^°(®i+i/2,j+1/2) i-1/2,j+1/2^ 
|J°^°i+l/2,j+l/2^ i+l.j 
:E(Ci/2.j +l) ^^®i+l/2,j-l^ [35] 
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and rearranging the first system of equations [24] we have 
[36] 
Similarly the second system of equations [25] becomes 
[37] 
Including the initial and boundary condition in their finite difference 
forms, equations [24] and [25] can be written in matrix-vector notations, 
respectively as 
= e [38] 
B = t [39] 
where A and B are tridiagonal real matrices and 0, e, h denote the asso­
ciated real column vectors (the arrows indicate vectors). We now examine 
the tridiagonal matrix A by examining its coefficients 
A 5 
n 
l,j 
n 
n n 
2,j ^2,j 
n 
*3,j 'lj 
n 
a"" b^ c* 
I-l.j I-l.j I-l,j 
n 
[40] 
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In absolute values, the coefficient of the main diagonal of the matrix A 
are greater than the raw sum of the off diagonal coefficients. Hence the 
matrix A is strictly diagonally dominant (Varga, 1962, p. 23). Therefore, 
there exists a solution 6 for the matrix-vector equation [38] and the 
solution is unique. Similarly the matrix B of equation [39] is also 
nonsingular and there exists a unique solution for the matrix-vector 
equation [39]. 
A tridiagonal system of equations can be easily solved by an adapta­
tion of the Gaussian algorithm as described by Henrici (1962, p. 352). 
Numerical Solution of the Steady State Flow Equation 
The flow equation governing the steady state unsaturated flow of 
water in two dimensions is 
9 
3x DO,II 
3K(6) 
3z 
= 0 [41] 
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Replacing the derivatives in equation [41] with finite difference approxi­
mations we have 
°^®i+l/2,j+l/2^ " ^^®i-l/2,j+l/2^1^i,j ~ ®i-l,i 
(Ax)' 
D(e. , )  0 , ., 1 - 8 . i+l/2,j+l/2'l2i,j+l 1,1 °^®i+l/2,j-l/2 'Ei.3 - ®i.3-ï| 
(Az)' 
^^®i+l/2,j+l^ ~ ^ ^®i+l/2,j-l^ 
[42] 
2Az 
We note that in equations [41] and [42] the independent variable of time t 
is not included. Hence we seek to find a numerical solution for the de­
pendent variable 9 = 8(x,z) =0. .. 
J 
Letting 
_^°^®i+l/2,j+l/2^ °^®i-l/2,j+l/2^ •*" °^®i+l/2,j-l/2^ 
[43] 
[44] 
21 
2 2 
where a = ~ and rearranging equations [42] gives 
®i,j *i,j ^ [^^®i+l/2,j+l/2^|®i+l,j ^®i-l/2,j+l/2^|®i-l,j 
[45] 
°^®i+l/2,j+l/2^|®i,j+l |^^®i+l/2,j-l/2^ ®i,j-i - Si,j > 
In matrix-vector notations the system of equations [45] can be written in 
the form 
C 6 = k [46] 
Upon examining the matrix C, we find that C is a real matrix with positive 
diagonal entries and nonpositive off-diagonal entries. The matrix C is 
also strictly diagonally dominant (Varga, 1962, p. 23). Therefore the 
Gauss-Seidel matrix associated with the matrix C is convergent (Varga, 
1962, Theorem 3.4, p. 73). 
We seek to solve the matrix-vector equation [46] using the successive 
iterative method (Fox, 1965; Varga, 1962). In this method we begin with 
any initial vector approximation ô and by iteration we compute succes­
sively the approximations 8^^^, g-(m+l) _ _ ^ ^ ^  where 
is the number of iterations. The actual components 8 of this 
m 
22 
iterative method are defined by 
l.J IjJ 
r (œ+l) 
tfi.j 
A W 
*1.1 
(1^)6 f">. + .ëM" [47] 
where the components 0 are of the Gauss-Seidel iterative method and the i.J 
quantity w is called the relaxation factor which is in the range 0 ^  u <_ 2 
(Varga, 1962, theorem 3.5, p. 75). From equation [47], 0 is a 
J 
weighted mean of 0 and 0 , the weights depending only on w. The 
use 03 > 1 corresponds to overrelaxation and w < 1 is underrelaxation. In 
this work we use w > 1, i.e. overrelaxation. 
From equations [45] and [47] the complete solution of the steady 
state flow equation [41] using the successive overrelaxation iterative 
method is 
j+1/2 
i+l/2,j+l/2^ 
°^®i+i/2,j-l/2^ 
(nrfl) (m) , 
" 'i.j ) [48] 
which can be easily computed using the digital computer. 
Calculation of the Rate of Water Flow 
The rate of water flow in the flow medium (the volume of water that 
enters the flow medium per unit time from a water source) and the water 
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flux (the volume of water that leaves or enters the flow medium per unit 
time, per unit area) can be calculated from the water content 6(x,z,t). 
For such calculations we make use of the integral form of the continuity 
equation (Bird et al., 1962; Ôzisik, 1968) which can be written in the 
form 
// q.dS = - |- /// 6 dV [49] 
C.S. C.V. 
3 3 
where 6 is the water content (cm /cm ), q is the water flux 
3 2 (cm /cm /minute), V indicates volume and C.V. designates the control 
volume fixed in space and bounded by the control surface C.S. In the 
flow medium considered for this study, the control volume is the volume 
bounded by the control surface OBCDEF (figure lb) where a unit distance 
(1 cm) is taken in the y direction. If we let 
W = /// e dV [50] 
C.V. 
then W is the water volume contained in the control volume, equation [49] 
can be written as 
sF ~ [51] 
Since the flow medium considered is a rectangular one we need only 
to solve for q in the x and z directions. From Darcy's law, as modified 
to the water content gradient form (Kirkham and Powers, 1971), the flux 
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in the x and z directions, at the control surface, respectively, are 
-» 
D(6) 36 
3x 
c.s. 
[52] 
C.S. 
+ K(8) [53] 
C.S. C.S. 
where i and j are the unit normal vectors in the x and z directions. 
respectively. To calculate and at the control surface, we need to 
•> _ 38 
evaluate — 
3x 
C.S 
These derivatives are evaluated using the 
C.S 
Lagrangian interpolation polynomial of the fourth degree (Hildebrand, 
1956, pp. 82-84). The change of the water volume contained in the control 
volume with time of equation [51] is computed by numerical summation 
of the surface fluxes for the entire control surface of the flow medium. 
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RESULTS AND DISCUSSION 
Stability 
One of the critical questions about the solution of finite difference 
equations is the problem of stability. Richtmyer (1957) and Salvadori 
and Baron (1961) have shown that the necessary and sufficient conditions 
for the stability of a two-dimensional diffusion equation with constant 
diffusivity D and Ax = Az is 
SiAil < 1 [54] 
(A%)Z - 4 
In the present model by replacing the constant diffusivity D by an average 
diffusivity D given by 
max mm 
where 9 . and 6 are the minimum and maximum water contents encountered 
mm max 
in the flow medium, it was found that the condition for stability can be 
approximately generalized as 
Y = - ^ < - ^  [ 5 6 ]  
(Ax) 4D 
Accordingly, the step sizes 
At = 0.2 minute; Ax = Az = 2 cm [57] 
were used to satisfy the stability condition. 
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Diffusivities and Conductivities 
The numerical procedures described under Theoretical Analysis have 
been used for two Iowa soils, Ida silt loam and Webster clay loam. Ida 
silt loam was used for the case when the bottom boundary of the flow 
medium (the boundary BC in figure lb) is taken as an impervious barrier. 
The data used for D(6) and K(6) for Ida silt loam soil are of Green et al. 
(1964) which are well fit (figure 3) by the exponential expressions 
D(9) = 3.33 X 10 ^  ^ (29.346) cm^/minute [58] 
K(6) = 3.33 X 10 ^(54.110) cm/minute [59] 
3 3 
where 6 is the soil water content, cm /cm . Webster clay loam soil was 
used when the boundary BC in figure lb is taken as a groundwater table 
source. The data used for D(6) and K(6) for Webster clay loam soil are of 
Fritton et al. (1970) which are well fit (figure 4) by the exponential 
expressions 
D(0) = 4.01 X 10 ^ ^(22.106) cm^/minute [60] 
K(0) = 3.98 X 10 g(46.110) cm/minute [61] 
Gardner (1960) has found that D(0) can be represented for a number of 
soils by an exponential equation (Kirkham and Powers, 1971, equation 
[6-137]). 
The numerical results of the water content 0 in the two-dimensional 
flow medium are presented here by lines of equal water content in two-
dimensional graphs. Such two-dimensional graphs were plotted using the 
Simplotter of the Iowa State University Computation Center. 
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Figure 3. Experimental data of soil water diffusivity D(6) and hydraulic 
conductivity K(0) versus water content 9 for Ida silt loam soil 
(taken from Green et al., 1964). The dashed lines have the 
exponential expressions given by equations [58] and [59] 
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Figure 4. Experimental data of soil water diffusivity D(6) versus water 
content 6 for Webster clay loam soil (taken from Fritton et al. 
1970). The dashed line has the exponential expression given 
by equation [60] 
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For the initial and boundary conditions (equation [14] to [20]) the 
initial water content 8^ and the water content saturation 6^ were given 
the values 
0 = 0.20 cm^/cm^ [62] 
d 
6 =0.50 cm^/cm^ [63] 
s 
Geometrical Parameters 
The dimensions for the flow medium (figure lb) were chosen as follows 
P = 120 cm [64] 
S = 60 cm [65] 
T = 45 cm [66] 
R = 15 cm [67] 
V = 30 cm [68] 
The values of water contents for 6, and 6 as well as the dimensions for 
U S 
the flow medium were chosen for comparison with field data obtained by 
Toksoz et al. (1965). The flow medium (figure lb) having dimensions as 
given by equations [64] to [68] will be considered the "standard case". 
Other dimensions for the flow medium were also used and may be listed as 
follows 
1. Change of Depth 
In this case the depth to the impervious barrier (or the groundwater 
table source) P was reduced to one-half that of equation [64] so that 
P = 60.0 cm [69] 
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The values of all other dimensions (S,T,R, and V) were kept the same 
as in the standard case. 
2. Change of Width 
The width of the flow medium S was reduced to 
S = 30 cm [70] 
All others were kept the same as the standard case. 
3. Change of Length of the Water Source 
All dimensions are the same as for the standard case except for R 
which is reduced to 
R = 7.5 cm [71] 
4. Change to One-Half Dimensions 
In this case all the dimensions of the flow medium for the standard 
case are reduced to one-half, so that 
P = 60 cm [72] 
S = 30 cm [73] 
T = 22.5 cm [74] 
R = 7.5 cm [75] 
V = 15 cm [76] 
Transient Flow 
Impervious barrier case: Water content distribution 
In this section the soil is Ida silt loam with the bottom boundary of 
the flow medium (the boundary BC of figure lb) as impervious barrier. 
Numerical results are obtained for the standard case and for the one-
half dimensions case. 
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Standard case Figures 5 through 9 show the water content distribu­
tions for Ida silt loam soil with impervious barrier at 120 cm depth from 
the soil surface. The water content distributions shown are designated 
by equal water content lines for a series of times at 10, 30, 60, 90, 
and 120 minutes of elapsed time. The figures show that the water is 
moving from the water source in two dimensions with time. The wetting 
3 3 
front which separates the initial water content (0^ = 0.20 cm /cm ) 
from higher 6's in the flow medium (line of 6 taken arbitrarily as 6 = 
3 3 
0.21 cm /cm ) progresses in the two dimensions with time at a decreasing 
rate. The lines of equal water content close to the water source are 
further apart compared with the equal lines close to the wetting front. 
The closeness of the equal water lines before the wetting front indicates 
a steep gradient of 0. The gradient of 0 is a major factor governing the 
flow of water as may be seen from the differential equation [12]. 
In figures 5 through 9 we see that the water penetration vertically 
downward at all times in the flow medium exceeds that in the horizontal 
3K(0 ) 
direction, which is due to the gravitational component —^— in the flow 
equation [12]. From the figures we can also see that for all times con­
sidered water movement is taking place as if the flow medium extends to 
infinity in the z direction (vertically downward) and in the x direction 
(horizontally from the middle symmetry line). 
Flow charts as the ones shown in figures 5 through 9 provide the 
water content 6(x,z,t) at any location in the flow medium and time as 
desired. These water content values should be of interest to irrigation 
and drainage engineers and to agronomists interested in plant growth. It 
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Figure 5. Water content distribution 8 for Ida silt loam with Impervious 
barrier and the standard case at t = 10 minutes 
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is also of interest to examine the flow pattern when the wetting front 
reaches the impervious barrier. Due to computer costs, such results were 
not obtained for the standard case but obtained for the one-half dimen­
sions case. 
One-half dimensions case Figures 10 and 11 show the water content 
distributions for Ida silt loam soil where the dimensions of the flow 
medium are reduced to one-half the dimensions of the standard case. The 
water content distributions shown are for a series of times at 10, 20, 30, 
60, 90, 120, and 150 minutes of elapsed time. From figure 10 we see 
that for times 10 and 30 minutes the water moves as if the flow medium 
extends to infinity in the z direction (vertically downward) and in the 
X direction (horizontally from the middle of symmetry line). 
The wetting front reaches the impervious barrier at the symmetry line 
of the water source (distance x = 30 cm), at 110 minutes of elapsed time 
(not shown). Because of the continuous water movement, accumulation of 
water takes place over the impervious barrier to cause an increase in the 
water content. The wetting front moves laterally to reach the entire 
impervious barrier as shown in figure 11. After 150 minutes of elapsed 
time the water content 9 at points below the horizontal level of the water 
source (z = 15 cm) is close to the water content value of saturation 
6g(8g = 0.50 cm^/cm^). 
The water content distribution results makes it possible to calculate 
the voluaie of water stored above the impervious barrier at any time de­
sired. The values of the water volume in the soil are of interest in 
connection with the ability of the soil to store water. 
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Figure 10. Water content distribution 0 for Ida silt loam with impervious barrier and the one-
half dimensions case at t = 10, 30, and 60 minutes 
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Impervious barrier case: Flux and rate of water flow 
In this case we present numerical results of the water flux q along 
the water source at the bottom of the trench (line ED of figure 1) and 
the rate of water flow Q from the water source for Ida silt loam soil 
with the impervious barrier. Results are obtained for the standard case 
and for the one-half dimensions case. 
Standard case Figure 12 shows the water flux q (volume of flow per 
unit area per unit time, cm/minute) along the water source of the flow 
medium (line ED of figure 1) for a series of times at 10, 20, 30, ...., 
110, and 120 minutes of elapsed time. The points plotted in figure 12 
(and in following figures) are connected with straight lines by the 
Simplotter of the Iowa State University Computation Center. A smooth 
curve drawn through the points would be more representative of interme­
diate values. The straight line connections help the eye to follow the 
data trend. 
The values of the flux q shown in figure 12 are the vertical component 
of the flux q^ as calculated from equation [53]. As expected, the flux 
along the water source shown in the figure decreases with time. This 
decrease of water flux q with time is caused by the decrease of the water 
96 
content gradient (—j of equation [53]). From figure 12 we can also 
C.S 
see that for any particular time the water flux is lowest in the center 
of the water source, that is, at x = 16 cm. 
Figure 13 shows the rate of water flow Q (volume of water per unit 
3 
time, cm /minute) from the water source of the flow medium versus 
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Figure 12. Water flux q along the water source at a series of times t 
for Ida silt loam and the standard case 
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Figure 13. Rate of water flow Q from the water source at the bottom of 
the trench versus time t for Ida silt loam and the standard 
case 
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elapsed time t. As expected, the rate of water flow Q from the water 
source decreases with time. The water volume entering the flow medium 
drops, as read to 4 significant figures from the computer output, from 
3 
5.550 to 4.158 cm /minute at 10 and 120 minutes of elapsed time, respec­
tively. It is remembered these values are for a 1 cm thickness of the 
flow medium in the y direction (perpendicular to the plane of the figure). 
One-half dimensions case Figure 14 shows the water flux q along the 
water source of the flow medium for a series of times at 15, 20, ...., 
145, and 150 minutes of elapsed time. Figure 15 shows the rate of water 
flow Q from the water source of the flow medium versus elapsed time t. 
The curves of figures 14 and 15 show a similar trend as these of figures 
12 and 13 of the standard case, respectively. 
We compare the water flux q results for the standard case and the 
one-half dimensions case of figures 12 and 14 respectively. The lowest 
flux values for the standard case and the one-half dimensions occur at 
the center of the water sources and are respectively, for 20 minutes, 
0.229 cm/minute (figure 12) and 0.301 cm/minute (figure 14). Whereas 
the highest flux values for the same elapsed time, respectively, are 
0.609 and 0.630 cm/minute. For 120 minutes of elapsed time the lowest 
flux values q are 0.211 and 0.262 cm/minute, and the highest flux values 
q are 0.53417 and 0.53426 cm/minute, respectively. Thus, the results 
show that the flux values q along the water source of the flow medium 
are always lower for the standard case than for the one-half dimensions 
case. 
44 
o 
o 
0.00 2.00 y.00 s.00 
X, DISTANCE ALONG THE WATER SOURCE, cm 
Figure 14. Same as figure 12 except for the one-half dimensions case 
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We now compare the rate of water flow Q from the water source at the 
bottom of the trench, for the standard and the one-half dimensions case 
(figures 13 and 15, respectively). For 20 minutes of elapsed time the 
volumes of water Q entering the flow medium per unit time for the standard 
3 
and the one-half dimensions cases are 4.596 and 2.964 cm /minute, respec­
tively. For 120 minutes the rates of water flow Q are, respectively, 
3 
4.158 and 2.556 cm /minute. The ratios of these rates of water flow for 
the one-half dimensions case to the standard case are [2.964/4.596] = 
0.6449 and [2.556/4.158] = 0.6146 for 20 and 120 minutes of elapsed time, 
respectively. These ratios of rates of water flow exceed 0.50 the scaling 
factor. The ratios continually decrease as time progresses. The reason 
for not obtaining a ratio of 0.50 for the flow rates is due to the non-
linearity of the partial differential equation of transient flow [12]. 
Groundwater table case: Water content distribution 
In this section the soil for which the flow is computed is Webster 
clay loam with the bottom boundary of the flow medium (the boundary BC in 
figure 1) a groundwater table source. 
Standard case Figures 16 through 21 show the water content distribu­
tions for Webster clay loam soil for a series of times at 10, 30, 60, 
120, 180, and 240 minutes of elapsed time. The figures show that water 
moves in the flow medium from the two water sources, namely, the ground­
water table source and the water source at the bottom of the trench. For 
all times considered up to 180 minutes of elapsed time (figures 16 
through 20) we see that, in the presence of a groundwater table, there 
are two independently moving wetting fronts. One wetting front is moving 
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Figure 16. Water content distribution 0 for Webster clay loam with 
groundwater table and the standard case at t = 10 minutes 
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in two dimensions and is associated with the water source at the bottom 
of trench. The other wetting front is moving in one dimension vertically 
upward and is associated with the groundwater table source. 
In figures 16 through 20, the water movement associated with the 
water source at the bottom of the trench is taking place as if the flow 
medium extends to infinity in the z direction (vertically downward) and 
in the x direction (horizontally from the middle symmetry line). Further­
more, the flow pattern is similar to that of the impervious standard 
case (figures 5 through 9). 
The equal water content lines associated with the groundwater table 
source of figures 16 to 20 are horizontal. This indicates that the up­
ward water movement from the groundwater table source is one dimensional 
as if the flow medium extends to infinity in the -z direction (vertically 
upward). 
As time progresses the two wetting fronts begin to join together. 
This joining of the two wetting fronts begins at the maximum point of 
penetration (x = 30 cm) of the downward moving wetting front associated 
with the water source at the bottom of the trench. This is shown in 
figure 21 at 240 minutes of elapsed time in which equal lines having 
3 3 
water contents of 0.39 cm /cm or less have already joined together. 
3 3 
Equal lines having water contents less than 0.39 cm /cm (especially lines 
of 0.40, 0.41, and 0.42) associated with the groundwater table source 
are no longer horizontal. This is due to the downward water movement 
from the source at the trench bottom which causes an increase in the water 
content and finally the joining of the equal lines. 
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From the above figures we see that the presence of a water source at 
the bottom of trench causes a mixing of water whenever water flow through 
the flow medium reaches the groundwater. This water mixing may have a 
wide range of implications especially when the groundwater table is close 
to the soil surface. As an example, the water mixing may cause water 
contamination of the groundwater if the water supplied to the water 
source at the bottom of the trench is a polluted (sewage) water. Under 
such conditions information on the time when the wetting fronts join to­
gether, the water content distributions, and the rate of flow from the 
two water sources are needed. This information can be obtained using the 
numerical techniques described in this work provided that initial and 
boundary conditions, D(6), and K(0) are known. 
We now show water content distribution results for a set of dimen­
sions of the flow medium that are different from the standard case we have 
been considering. 
Change of depth to groundwater table Figures 22, 23, and 24 show the 
water content distributions for Webster clay loam soil where the depth 
to the groundwater table source P is reduced to 60 cm. The water content 
distributions shown are for a series of times at 10, 20, 30, 40, 50, and 
60 minutes of elapsed time. For 10 and 20 minutes of elapsed time 
(figure 22) the two wetting fronts are completely separated from one 
another with the same flow pattern as these of the standard case (figures 
16 to 20). In figures 23 and 24 we see the joining of the two wetting 
fronts and the developments of the new equal water lines with time. Be­
cause of the smaller depth to the groundwater table, the joining of the 
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wetting fronts, for the present case, occurs at much earlier time (22 
minutes) than for the standard case (200 minutes). We also see that as 
time progresses the water content in the region below the water source 
at the bottom of trench approaches saturation. 
Change of width In this case the width of the flow medium S is re­
duced to 30 cm instead of 60 cm in the standard case. Figure 25 and 26 
show the water content distributions at 10, 20, 30, and 60 minutes of 
elapsed time in the presence of a groundwater table. For all times con­
sidered the two wetting fronts are moving independently in the flow 
medium. 
As shown in figures 25 and 26, the equal water lines associated with 
the groundwater table are horizontal, indicating one-dimensional flow in 
the upward direction. Comparing these equal horizontal upward moving 
water lines with those of the standard case (figures 16 to 20) we find 
that they are equal for all the elapsed times considered. This is an 
indication of one-dimensional flow regardless of the width of the flow 
medium. 
The equal water lines associated with the water source at the bottom 
of the trench move, as time progresses, so as to reach the symmetry line 
(x=0) where they join the equal water lines from the symmetrical flow 
medium (not shown, see figure 1) to the left of the figures. Simultane­
ously, equal water lines are moving upward closer to the soil surface. 
Change of length of the water source In this case the length of the 
water source at the bottom of the trench R (line ED in figure 1) is re­
duced to 7.5 cm instead of 15 cm in the standard case. Figures 27, 28, 
59 
TIME =. 10 minutes TIME = 20 minutes 
8 
o 
Ed 
I 
CO 
bJ 
M 
0 CO 
1 
g 
0-
20-
40-
60-
80 -
100 -
120 
9=0.20 
WATER SOURCE 
0=0.50 
9=0.2 
WETTING FRONT 
WETTING 
FROMT A=n.91 
0.50 
0 20 30 
X, DISTANCE, cm 
01 
2(r 
40-
60 
80-
100-
120 
9=0.20 
WATER SOURCE 
9=0.50 
9=0.21 
WETTING FRONT 
WETTING 
FRONT A=0.21 
0.50 
20 30 
X, DISTANCE, cm 
Figure 25. Water content distribution 6 for Webster clay loam with 
groundwater table and the change of width case at t = 10 
and 20 minutes 
60 
TIME = 30 minutes TIME = 60 minutes 
0=0.20 
0=0.21 
20" 
0.45 
0.40 
0=0.21 ^=53=== 
WETTING FRONT 
60-
8 0 -
WETTING 
FRONT 6=0.21 
100 
0.45 
0.50 120 
0 20 30 
0=0.20 
20 • 
0.45 40 ' 
0—0.21 
WETTING FRONT 
S 
60 . 
80 
WETTING 
FRONT 
100 0=0.21 
0.50 
120 
30 20 
X, DISTANCE, cm x, DISTANCE, cm 
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and 29 show the water content distributions at 10, 20, and 30 minutes of 
elapsed time. The figures show patterns of equal water lines similar to 
previous ones. Results of this case are obtained to demonstrate the flex­
ibility of the numerical solutions as well as to show flow information for 
a different geometry. 
One-half dimensions case Figures 30 and 31 show the water content 
distributions for a series of times at 10, 30, 60, 90, 110, and 120 min­
utes of elapsed. In this case we present the flow pattern of the two-
dimensional flow in the presence of a groundwater table for successive 
times after the joining of the two wetting fronts. In figure 30 the two 
wetting fronts are completely separate and move independently in the flow 
medium for elapsed times at 10 and 30 minutes. At 60 minutes of elapsed 
time, we see the initial stage of the joining of the two wetting fronts. 
In figure 31 we see that as time progresses after the joining of the two 
wetting fronts, equal water lines move in the two dimensions vertically 
upward to the soil surface as well as horizontally to reach the symmetry 
line (x=0) at the left of the figure. In the mean time, the water content 
0 in the region under the water source at the bottom of the trench is 
continuously increasing with time. 
Groundwater table case: Flux and rate of water flow 
In this section we present numerical results of the water flux q and 
rate of water flow Q for the groundwater table source and the water source 
at the bottom of trench. Results are obtained for Webster clay loam soil, 
for the standard case and for the one-half dimensions case only. 
Standard case Figure 32 shows the water flux q (volume of water per 
unit area per unit time, cm/minute) along the water source at the bottom 
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Figure 30. Water content distribution 0 for Webster clay loam with groundwater table and the one-
half dimensions case at t = 10, 30, and 60 minutes 
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Figure 31. Same as figure 30 except for t = 90, 110, and 120 minutes 
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of trench (line ED of figure 1) for a series of times at 10, 20, 30, 
230, and 240 minutes. The flux q along the water source shown in the 
figure decreases with time. This decrease is caused by the decrease of 
30 
the water content gradient —| of the flux equation [53]. Generally, 
C.S. 
the water flux curves of figure 32 show similar pattern as of earlier 
results (figures 12 and 14). 
Figure 33 shows the rate of water flow Q (volume of water per unit 
3 
time, cm /minute) from the water source at the bottom of the trench versus 
elapsed time t. As expected, the rate of water flow as shown in the fig­
ure decreases with time. For instance, the rate of flow Q drops from 
3 3 
2.382 cm /minute to 1.795 cm /minute at 20 and 240 minutes of elapsed time, 
respectively. 
We now show the water flux and the rate of flow curves for the ground­
water table source. In figure 34 we show the water flux q along the 
groundwater table source at a series of times. The water flux curves for 
all elapsed times considered are horizontal. In other words, the values 
q of the water flux are the same for all locations at the groundwater 
table boundary. Having horizontal water flux lines imply that the water 
entering the flow medium from the groundwater table source is moving up­
ward and strictly in one dimension as if the flow medium extends to infin­
ity in the -z direction (vertically upward). Figure 35 shows the rate of 
water flow Q from the groundwater table source versus elapsed time t. The 
water flow curve shown decreases with time and has a similar trend as the 
one for the water source at the bottom of the trench (figure 33). 
One-half dimensions case As above, we show water flux q and rate of 
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Figure 32. Water flux q along the water source at the bottom of the 
trench at a series of times t for Webster clay loam and 
the standard case 
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time t for Webster clay loam and the standard case 
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flow Q curves for the water source at the bottom of the trench and for 
the groundwater table source in figures 36 through 39, respectively. For 
intrepretations of these figures, we have to keep in mind the water con­
tent distributions shown in figures 30 and 31, which show the Joining of 
the two wetting fronts after 60 minutes and the progression of the new 
wetting front for successive times afterwards. 
Water flux curves along the water source at the bottom of the trench 
for a series of times are shown in figure 36. The rate of water flow Q 
from the same water source versus elapsed time t is shown in figure 37. 
The rate of flow curve shown in figure 37 does not go smoothly for the 
entire time interval considered as in previous curves (figures 33 and 35). 
Rather, after 60 minutes of elapsed time (time of joining of the two wet­
ting fronts) the rate of water flow curve shows lower values than the 
smooth extension of the curve. The lower values for all elapsed times 
after 60 minutes is due to the joining of the wetting fronts. Having two 
water sources opposing each other in direction, the groundwater flow 
source with one-dimensional flow and the other source with two-dimensional 
flow, increases the water content in the region of the flow medium where 
the two fronts join. This increase in the water content causes a lessen­
ing of the water content gradients which is responsible for lower rates 
of flow as shown in figure 37. 
Similarly, lower water flux q and rate of flow Q are obtained for the 
groundwater source as shown in figures 38 and 39. Water flux curves of 
figure 38 are horizontal for all times before the joining of the wetting 
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Figure 36. Water flux q along the water source at the bottom of the 
trench at a series of times t for Webster clay loam and 
the one-half dimensions case 
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Figure 38. Water flux q along the groundwater table at a series of 
times t for Webster clay loam and the one-half dimensions 
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Figure 39- Rate of water flow Q from the groundwater table versus 
time t for Webster clay loam and the one-half dimensions 
case 
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fronts (60 minutes) indicating a one-dimensional flow from the ground­
water table source. For all elapsed times after the joining of the wet­
ting fronts, the water flux curves are no longer horizontal and have lower 
values as we move along the groundwater table boundary (line BC in 
figure 1). In the meantime the water flux curves along the groundwater 
table are decreasing with time. In figure 38, for 120 minutes of elapsed 
time the flux curve approaches small values (close to zero) for distances 
X = 24 to 30 cm along the boundary. For the rate of water flow versus 
time curve shown in figure 39, we see also that for all times after the 
time of joining of the wetting fronts (60 minutes) there is a lowering of 
the rate of water flow. 
Up to now we have been considering transient flow. We now come to the 
completely different problem of steady state flow. The flow medium and 
the boundary conditions remain the same. 
Steady State Flow 
As the time t goes to infinity for the transient flow case, we reach 
a state of equilibrium where the change of the dependent variable 6 with 
time is zero. This state of equilibrium is normally called the steady 
state. 
Up to now we have presented numerical results for the transient flow 
of water in the flow medium (figure 1) with time. If we continue to ob­
tain results for larger and larger times we should approach the steady 
state. However, such a method for approaching the steady state is awkward 
and time consuming. Instead, we shall obtain numerical results for the 
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steady state by directly solving the steady state flow equation [13] 
. using the successive overrelaxation iterative technique described in the 
section on Theoretical Analysis. 
To accelerate convergence for the successive overrelaxation iterative 
technique that we use, an optimum overrelaxation factor (Varga, 1962) 
is needed. Finding critical to the solution of the finite dif­
ference equation. In this work was found by checking the rate of 
convergence for different values of the overrelaxation factor w in the 
interval 1.1 to 1.9. In the calculations, the iteration cycle was checked 
for completion by the requirement that, for two successive iterations m 
and m+1, the relation 
IgÇm+l) _ gWj [77] 
hold for all internal points in the flow medium. Equation [77] means that 
numerical values for all internal points must become constant to five 
decimal places before convergence. 
Numerical results for the steady state flow have been obtained for the 
standard case and for the one-half dimensions case. The optimum over-
relaxation factor and the corresponding number of iterations M, are 
w ^ = 1.775 ; M = 120 [78] 
opt 
for the standard case (for which the dimensions are given in equations 
[64] to [68]). For the oner-half dimensions case (equation [72] to [76]) 
the corresponding values are 
= 1.750 ; M = ,70 [79] 
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Impervious barrier case 
In this section the soil for which the flow is computed is Ida silt 
loam with the bottom boundary of the flow medium (line BC in figure 1) an 
impervious barrier. 
Figures 40 and 41 show the steady state water content distributions 
for the standard and the one-half dimensions cases, respectively. In the 
two figures we see that water content lines extend to the impervious 
barrier as well as to the symmetry lines. High concentrations gradients 
occur at the surface boundaries as seen from the solid areas in the figures 
3 3 
where the surface water content 6 is kept at 0.20 cm /cm . Generally, the 
flow patterns in the two figures are similar. 
The steady state water content distributions seen in figures 40 and 41 
correspond to the transient case as the time t -»• ®°. To compare steady 
state conditions with transient conditions, we consider the water content 
distributions of the transient flow of figures 10 and 11, and of the 
steady state flow of figure 41. From these figures it is clear that the 
transient flow is approaching the steady state. 
Since the numerical methods used in solving the transient and the 
steady state equations are completely different and since the steady state 
method of solution has been confirmed by several workers (Lapidus, 1962; 
Richtmyer, 1957), we conclude that the alternating-direction implicit 
method used in this study for transient flow is convergent and stable. 
The steady state water flux q along the water source, for the standard -
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Figure 40. Steady state water content distribution 6 for Ida silt loam 
with impervious barrier and the standard case 
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Figure 41. Steady state water content distribution 0 for Ida silt loam 
with impervious barrier and the one-half dimensions case 
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case, is shown in figure 42. The flux curve in figure 42 is similar to 
the transient flux curves shown in figure 12. Furthermore, from the 
transient flux curves (figure 12) and that of the steady state (figure 42) 
we can see that the transient flux curves of figure 12 are approaching 
the steady state one of figure 42. The scales of the axis of ordinates 
in figure 12 and 42 are not the same. The constant value of the steady 
3 
state rate of water flow Q from the water source is 4.081 cm /minute. 
3 
The value 4.081 cm /minute is lower, as expected, than any value of the 
transient flow (figure 13). 
The steady state water flux curve, for the one-half dimensions case, 
is shown in figure 43. This flux curve is similar to that in figure 42. 
The steady state rate of water flow Q for the one-half dimensions case is 
3 
2.439 cm /minute. 
Groundwater table case 
In this section the soil for which the flow is computed is Webster 
clay with the bottom boundary of the flow medium (line BC in figure 1) a 
groundwater table. Figures 44 and 45 show the steady state water distri­
butions for the standard and one-half dimensions cases, respectively. For 
the standard case, the steady state water distribution of figure 44 corre­
sponds to the transient ones shown in figures 16 through 21. But in 
figures 16 through 21 the time was not run long enough to approximate the 
steady state. For the one-half dimensions case there is a better compar­
ison. The steady state water distribution for the one-half dimensions 
case of figure 45 corresponds to the transient one of figures 30 and 31. 
Comparing figures 30 and 31 with figure 45 shows that the transient water 
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Figure 42. Steady water flux q along the water source at the bottom of 
the trench for Ida silt loam and the standard case 
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Figure 43. Steady water flux q along the water source at the bottom of 
the trench for Ida silt loam and the one-half dimensions 
case 
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Figure 44. Steady state water content distribution 6 for Webster clay 
loam with groundwater table and the standard case 
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Figure 45. Steady state water content distribution 6 for Webster clay 
loam with groundwater table and the one-half dimensions case 
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distributions are approaching the steady state one. 
The steady state water flux q along the water source at the bottom of 
the trench (line ED in figure 1), for the standard case, is shown in 
figure 46. This flux curve is similar to the transient curves shown in 
figure 32. As expected, the steady state flux curve of figure 46 has 
lower flux values than any transient flux curves shown in figure 32. The 
steady state rate of water flow Q for the standard case is 1.7218 
3 
cm /minute. 
The steady state water flux q along the groundwater table (line BC in 
figure 1) for the standard case, is shown in figure 47. The flux values 
shown in the figure are negative which indicate that water is coming out 
of the flow medium at the groundwater table source. Having negative flxix 
values is due to low values of water content gradients to overcome 
C.S. 
the value of the hydraulic conductivity K(0)|^ g at the groundwater table 
(equation [53]). The value of the steady state rate of water flow Q from 
3 
the groundwater table is -1.328 cm /minute. 
We now consider the one-half dimensions case for the steady state flow. 
The steady state water flux q along the water source at the bottom of the 
trench (line ED in figure 1), for the one-half dimensions case, is shown 
figure 48. As expected the flux curve is similar to the transient flux 
curves at along times as shown in figure 36. The value of the steady 
3 
state rate of flow Q is 1.052 cm /minute which lower than all of the 
transient flow values shown in figure 37. 
The steady state water flux q along the water table, for the one-half 
dimensions case, is shown in figure 49. Similar to the standard case 
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Figure 46. Steady water flux q along the water source at the bottom of 
the trench for Webster clay loam and the standard case 
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Figure 48. Steady water flux q along the water source at the bottom 
of the trench for Webster clay loam and the one-half 
dimensions case 
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Figure 49. Steady water flux q along the groundwater table for Webster 
clay loam and the one-half dimensions case 
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(figure 47), the values of water flux shown in figure 49 are negative. 
The steady state rate of water flow Q at the groundwater table is 
3 
-0.6849 cm /minute. 
From the above figures, one concludes that for the steady state flow, 
a groundwater table is a water sink rather than a source of water to the 
flow medium above it. 
Comparison of Field Data and Theoretical Results 
In our study the two soils, the geometry of the flow medium, the initial 
conditions, and the boundary conditions all were chosen so that a compari­
son, insofar as possible, with field data obtained by Toksoz et al. 
(1965) could be made. 
ToksBz et al. (1965) maintained a constant water content 6 at the 
bottom of the trench at all times as we have done here for the transient 
theoretical problem. Figure 50 is taken from Toksoz et al. (1965) and 
shows visual tracings of the wetting fronts around the water source at 
the bottom of the trench, for a series of times. We are concerned here 
with Ida soil on the right and Webster soil on the left of figure 50. 
The present theoretical work cannot be compared exactly with that of 
Toksoz et al. (1965) because as figure 50 shows, the water content was not 
kept constant along the sides of the trench and at the soil surface, as 
done in our theoretical work. Toksoz et al. (1965) determined water con­
tents at certain locations. They did not determine D(8) and K(6). 
Although in the work of Toksoz et al. (1965) K(6) and D(0) were not 
given, we can still make general comparisons between the field data and 
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Figure 50. Field data of the wetting fronts at a series of times for 
three soils (taken from Toks3z et al., 1965) 
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our theoretical results. 
We shall first compare the wetting fronts of the field data for Ida 
soil of figure 50 with the theoretical results of figures 5 through 9. 
The wetting fronts of the field data (figure 50) are irregular compared 
with the theoretical results (figures 5 through 9). This irregularity of 
the wetting fronts may be caused by the nonhomogeneity of the soil in the 
field. The field data also show that the downward vertical movement of 
water in the soil is predominant over the lateral water movement. As 
read from the field data in figure 50, for Ida soil, the distances of 
the vertical penetration of water at the center of the water source (0 cm 
distance along the x axis) are 15 and 22 cm for 30 and 60 minutes of 
elapsed time. The corresponding distances for the theoretical results are 
28 and 40 cm, which are about double the values for the field data. The 
low values of water penetration for the field data could be due to com­
pactness of soil layers that give lower values of D(0) and K(6). 
In Webster soil, the field data of figure 50 show a negligible lateral 
flow of water for early times, and show a high rate of vertical flow 
downward, compared to the theoretical results of figures 16 through 20. 
At 60 and 120 minutes of elapsed time, the distances of vertical penetra­
tion for the field data are 30 and 52 cm, whereas the corresponding values 
for the theoretical results are 28 and 38 cm, respectively. Higher water 
penetration values than for the theoretical results could be due to 
smaller values of the coefficients D(6) and K(0) used. 
For a critical comparison of theoretical results with laboratory or 
field data certain information has to be provided. This information may 
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be summarized as follows: 
1. full description of the soil (flow medium) in question with regard 
to homogeneity, soil layering, etc. 
2. laboratory and field data on the initial and boundary conditions 
and their change with time 
3. laboratory and field data on soil coefficients K(8) and D(6) 
for each soil region in the soil 
The above information constitutes a basic requirement for obtaining theo­
retical results as the ones reported in this thesis. 
Although we cannot test the theoretical results accurately against 
available field data, the theoretical and experimental flow patterns do 
roughly agree. 
In the theoretical problems the calculated fluxes were higher than 
might be expected in the field- These high fluxes imply that the assumed 
boundary conditions in the theoretical problems may have been unusual. 
Therefore, in further work it is recommended that other boundary condi­
tions might be considered. An example would be to take the water content 
6 as varying linearly from to 9^ along the side walls of the trench. 
Another example would be to assume no flux from the side walls of the 
trench which would then be impervious surfaces. 
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SUMMARY 
We solve the two-dimensional transient and steady state water flow 
equations for unsaturated soils using the finite difference approximations 
of numerical analysis. The transient flow equation is solved using the 
alternating-direction implicit method. The steady state flow equation is 
solved using the successive overrelaxation iterative method. The two-
dimensional flow medium considered is a homogeneous soil with an imper­
vious barrier (or a groundwater table) at some depth from the soil surface 
and equally spaced trenches (or irrigation furrows and ridges) to which 
water is supplied. 
Numerical results of the water content distributions, the water flux, 
and the rate of water flow are obtained for Ida silt loam and Webster 
clay loam soils. Several dimensions of the flow medium are used. 
In the transient state, the water content distributions show that 
water moves from the water source at the bottom of the trench in two 
dimensions. The maximum movement is downward due to the gravitational 
force. The results also show that the rate of water flow in the flow 
medium decreases with time. In the presence of a groundwater table source, 
the water movement from the groundwater table is strictly one-dimensional 
in the upward direction until the wetting fronts associated with the two 
sources join together. 
In the steady state, equal water lines of high water contents extend 
to the impervious barrier, and high water content gradients occur at the 
soil surface boundary. In the presence of a groundwater table, steady 
state water fluxes are negative. These fluxes indicate that in a steady 
97 
sCate a groundwater table is a water sink rather than a source of water. 
Results of the transient and the steady state flow show that as time 
increases the transient flow approaches that of the steady state. 
Field data are not available to compare with the theoretical results 
except in a general sense. In general, the theoretical and experimental 
flow patterns agree. 
The theoretical fluxes in a number of examples were perhaps unusually 
high for field conditions and thus would imply artificially high evapora­
tion rates. Therefore, a choice of more realistic surface boundary 
conditions might be considered in further work. 
It is concluded that the alternating-direction implicit method for 
solving transient two-dimensional water flow equations is convergent and 
stable and gives results which appear reasonable. The technique enables 
one to predict the soil water content in a flow medium at any location 
and time if the soil properties are known. The technique is flexible 
and can incorporate hysteresis, soil nonhomogenexty, changes in initial 
and boundary conditions, and geometrical dimensions. 
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